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Understanding the physics of supersonic combustion is the key to design a performing engine for scramjet-
powered vehicles. Despite studies on supersonic combustion dating back to the 1950s, there are still numerous
uncertainties and misunderstandings on this topic. The following questions need to be answered: How does
compressibility affect mixing, flame anchoring, and combustion efficiency? How long must a combustor be to ensure
complete mixing and combustion while avoiding prohibitive performance losses? How can reacting turbulent and
compressible flows be modeled? Experimental results in the past have shown that supersonic combustion of
hydrogen and air is feasible and takes place in a reasonable distance, which is a necessary requirement in actual
hypersonic vehicles powered by supersonic combustion ramjets. These results are explained based on a theoretical
analysis of the physical mechanisms driving mixing and combustion in supersonic airstreams, where they are found
to be different from those in the incompressible regime. In particular, the classic Kolmogorov scaling is shown to be
no longer strictly valid, and the flame regime is predicted to be significantly affected by compressibility and different
from that of subsonic flames. This analysis is also supported by the results of the numerical simulations presented,
showing that by generating sufficiently intense turbulence, a supersonic combustion flame is short and can indeed
anchor within a small distance from fuel injectors, with the flame typically burning in the so-called flamelets-in-

eddies regime.

Nomenclature M = molecular weight
A = Arrhenius rate preexponential Ma = Mach number
a = speed of sound Ma; = small scale Mach number
B = baroclinic term within the vorticity equation % G = transvers.al l\l\/jlac}lll (subsonlc).
conv = convective term in the vorticity equation Gsup = stre]amv;nse ach (supersonic)
CP = dilatational term in the vorticity equation Z B mo ﬁ:u arfm}zliss cal .
¢, = heat capacity at constant pressure N - Zum eé ote ergnca Species
CcvV = diffusive term due to density gradients and viscous " A _ ng;%irrgfr;ﬁge:r
stresses coupling within the vorticity equation _
D = drag D = pressure
Da —  Damkéhler number N = universal gas constant
DV = diffusive term due to coupling between strain rate and ?e i Feyvnold; number d
viscous gradients in the vorticity equation Tl - aminar tiame speed.
D; = binary diffusivity coefficient in a mixture = lemperature
diff = diffusive term due to viscous gradients in the vorticity la = mixing time
equation 1y = kinetics time
E = turbulent kinetic energy per unit wave number Iy = res1denc§ ume
E = strain rate tensor 4 = streamwise velocity
E, = activation energy i velocity vector with components (u, v, w)
F = thrust u = velocity fluctuation
fi = volume force applied to the ith species v = cell volume
H = helicity Vv = turbulent structure volume
hy; = enthalpy of formation of the ith species VS = vortex stretching in the vorticity equation
h = sensible enthalpy of the ith species \'AY = diffusive term due to viscous stresses and velocity
1 . . . . . .
1 = inertial term in the vorticity equation gradients coupling in the vorticity equation
L, = integral turbulence scale Vair = air speed ) ) )
A = dissipative scale Vv, = diffusion velocity of. the ith species
L = turbulent characteristic scale length v = eddy turnover velocity
k = wave number [X] = X species concentration
ky = Magyy/Mayg, X,Y = generic molecular species
X = distance from the injectors
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= dynamic viscosity

kinematic viscosity

density

stress tensor

collisional cross section

energy dissipation function

reaction rate

vorticity vector with components (w,, ,, ®.)

= large-eddy-simulation filtered value of the quantity
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Subscripts

= ith vector component

Jjth vector component

index of the kth species

index of the /th species

large-eddy-simulation corrected value of the quantity
= equilibrium or reference value

O =~ A~
1

Superscript

* = large-eddy-simulation subgrid value of the quantity

I. Introduction

N ADDITION to the personal interest by these authors, super-

sonic combustion (SC) and supersonic combustion ramjets
(SCRJ) are potentially very important for future launchers and
hypersonic cruisers. In this context, the goal of this paper is to present
and discuss the physics and modeling of SC necessary to simulate
turbulent mixing and combustion in SCRJ [1]. (A review of
nonreacting hypersonic turbulence modeling is in [2].) Computa-
tional fluid dynamics (CFD) plays a growing role in SC research, but
these authors feel that its physics are still partially understood and
thus need at least the same attention as that devoted to accuracy and
consistency of numerical schemes. In fact, the physics of com-
pressible and reacting flows seem in recent years to have taken a back
seat to numerics.

SC is not a new topic; it goes back to the conclusion reached by
Ferri [3] that with increasing flight Mach numbers, the airflow
through airbreathing engines must eventually remain supersonic.
Public information dating back to the 1950s indicates that SC is
feasible (e.g., see [4—6]). However, in the European Union (EU) and
elsewhere, there seems to be a mindset that to develop a workable
SCRIJ propulsion system will take decades. At the same time,
research and development in the United States, Russia, and China has
produced research hypersonic craft powered by SCRJ, or combined
cycles using SC, and flight testing is being planned [7]. This apparent
contradiction is frustrating and stimulating at the same time.

What is a SCRJ-powered hypersonic vehicle? In essence, it is a
thermal engine. Heat enters its box from outside (due to friction work
and wave compression); from the inside (combustion heat), heat is
rejected (radiatively or regeneratively to the fuel [8]), and work is
done by thrust and drag to maintain steady-state operation, as in
cruisers, or to increase the kinetic energy (KE) of the vehicle, as in
accelerators. This picture of a hypersonic airbreathing vehicle is
painted because it has strong implications on SC: large heat fluxes
will enter and exit the combustor, affecting its velocity and temper-
ature flowfield and ultimately its performance. This notwithstanding,
SC is analyzed in this paper without including these effects, as they
depend on specifics of the combustor design.

In a SCRJ the flowpath velocity changes little, whereas pressure
may increase by one—two orders of magnitude [8]. The net thrust is
the result of adding heat of reaction to the stream tube, but the ratio
between combustion heat release and airstream Kinetic energy,
AH,epciion/ 3 V2, is a small number (0.1 to 0.2) in hypersonic propul-
sion, so inlet, nozzle, and energy fluxes must be carefully designed to
prevent negative cycle efficiency. The second principle of thermody-
namics dictates that the maximum fraction of energy that may be
transformed into useful work [9-11]: i.e., the net thrust times the
flight speed. The net thrust is gross thrust 7 minus drag D, and both

are very large. Thus, D must be controlled and reduced as much as
possible. In particular, the friction work rate scales as pV2,, where
V. 18 approximately constant but density grows by an order of
magnitude or more due to inlet compression. Hence, engine friction
drag is substantial and comparable with the vehicle total drag; hence,
the combustor must be very short (of order 1 m). This conclusion
seems obvious; however, there are some who believe that either
combustor length should be O(10) m to compensate for the short
residence time or that flame anchoring in a supersonic stream is next
to impossible (witness the notorious simile of holding a candle in a
storm). These beliefs, or mindsets, may produce proposals and
programs to investigate the feasibility of SCRJ, but history shows that
more often than not they derail good research.

Engineeringwise, the constraint on combustor length should
suggest reassessing how fast mixing and kinetics should be made to
ensure reasonable combustion efficiency. Said otherwise, since no
first principle forbids SC, it is up to us to devise ways of enabling it.

In this context, it is known that in the Mach regime in which SC
starts to become effective, the air stagnation temperature is greater
than 1000 K, pressure may be of order 1 atm, spontaneous oxidation
is fast, and flames may be stable even without a flameholder, depend-
ing on fuel and injection strategy. Typical kerosenes ignite in air at
lower temperatures than hydrogen, but their kinetics are slower
(however, actual experiments with ramp injectors [12] have shown
that the apparent ignition delay and combustion time in SC of keros-
ene may be as low as 30 to 40 us). Partly motivated by the specific-
ations of the EU-funded Long-Term Advanced Propulsion Concepts
and Technologies (LAPCAT) project [13], the fuel of choice in the
present work is hydrogen, the application is a cruiser, and, although
very interesting, SC of kerosene will not be discussed. Hydrogen
injection into an airstream is characterized by the velocity, kinetic
energy, and density ratios [14,15], all depending on hydrogen reser-
voir conditions and injection strategy once the flight Mach number is
imposed. Pylons, struts, cavities, and flush holes create different
recirculation zones and flowfields, impacting on flame anchoring and
combustion efficiency. To zeroth order, the most important anchoring
parameters are mixing time 7, (and mixedness), the kinetics time 7,
and the residence time ¢, in the mixing zone. These are heuristic
quantities, but still useful to estimate performance.

Kinetic time depends on mixedness, density, and temperature.
Hydrogen should be injected at high speed but without quenching
ignition kinetics, so there is a tradeoff between its internal and KE. In
general, hydrogen stagnation enthalpy must be much higher than that
typical of many (academic) experiments. In fact, in an actual SCRJ-
powered vehicle, hydrogen works first as a coolant and then is
injected as a hot gas, something experimenters are typically very
reluctant to do. (This fact should be kept in mind when reading the
conclusions of SC experiments.) One consequence is that there is a
lower limit for the stagnation temperature of air: roughly speaking,
that must be high enough for autoignition of H, /air mixtures. At air
T > 1000 K, kinetics are fast (1, ~ 0.1 ms orless) and combustion is
then mixing-controlled [16]; at lower air temperature (e.g., when
transitioning from RJ to SCRJ mode), the opposite may be true (see
[15]). Thus, the main concern is how to mix hydrogen to air in the
turbulent, compressible, and reactive regimes, a process far less
understood than chemical kinetics. Assuming that kinetics are fast,
the ratio 7,/t, should be small enough to minimize the length of
combustor, its friction drag, and total vehicle size.

These remarks have implications in SC modeling. Assuming air
static temperature less than 1000 K allows a preliminary zeroth-order
analysis of the SCRJ combustor as a stirred reactor [17], with com-
bustion occurring inside the fine turbulent structures, where fuel and
oxidizer can mix at molecular scales. Swithenbank and Chigier [14]
found the zeroth-order functional dependence of combustion
efficiency 7. to be

ne =1/[1+ (14/1,) + (1/1,) exp(1/6)]

where the function 6 is of the Arrhenius form E, /(RT) and accounts
for ignition kinetics [14,17]. The residence time ¢, scales as the ratio
of distance/streamwise velocity, x/ U, both quantities defined inside
the mixing region: i.e., where turbulent KE, generated mainly by the
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interaction between airflow and fuel jet and transporting scalars, is
dissipated by vortices. Note that this region is a fraction of the overall
combustor (in cross injection of fuel, for instance, it is the recircula-
tion and shear-layer region). In the incompressible regime, the so-
called dissipation occurs via vortex stretching in the Kolmogorov
inertial range. In supersonic mixing. it can still be assumed that the
dissipation rate of KE is proportional to the mixing rate, but the real
question concerns the dissipation mechanism(s) and the scaling of
KE with eddy size (see Sec. II). Thus, 7,, the turbulent diffusion (or
mixing) time scales as [y, the average energy-containing eddy scale
(for instance, the Taylor scale), divided by its fluctuation (or
turnover) velocity #'. In a well-designed SCRJ combustor, it is the
injection system that must generate turbulent KE, and /; scales with
its characteristic length L. If kinetics are fast (7,/t, < 1), efficiency
depends only on mixing, and

ta/t, ~ (x/U) ([ I7)

where both x and /; scale with L. The mixing-region size is expected
to be larger than the injector size by a large factor (say, 50), yielding

ta/t, ~50(u'/U)

but note that this factor may depend on injection mode: for instance,
dividing the mass flow rate of fuel among many injectors reduces this
factor, and an optimum injector size may exist [8].

Thus, to zeroth order, the normalized mixing time depends on
turbulence intensity only. Because inlet turbulence is generally small
in supersonic flow, it is the fuel injection system that must produce it.
Fuel injection must also account for the equivalence ratio desired
(note that this may be less than 1) via penetration calculations (e.g.,
see [14,18]). For instance, for u’/U = 5%, the mixing time will be
two—three times the residence time in the region where turbulence is
created by the injector(s), and 1, will be 1/1.4 =0.7.

Although this approach may seem overly simplified, it shifts SC
from the realm of next-to-impossible to that of engineering: in
particular, producing sufficiently fast and hard fuel jets.

There is, in fact, past evidence [19] that SC over a flat plate with
90 deg hydrogen injection through multiple holes can take place
within O(1) ft, contradicting conventional wisdom saying that
compressible mixing of two parallel streams needs a much longer
distance than incompressible mixing [20]. This well-known con-
clusion was due to imposing a 2-D topology on the experiment [20]:
an experiment carefully planned around good access to optical
diagnostics. Much later, when the airflow was allowed to maintain its
real life 3-D character, that conclusion was reversed [21,22]:
supersonic mixing distance was shorter. All of these considerations
indicate that, except for some work [23—42], the detailed physics of
turbulent, compressible, and reactive flows is still poorly understood
and has not received all the attention it deserves. This is so much so
that turbulence and flame models in 3-D Favre-averaged Navier—
Stokes (FANS) simulations or large-eddy simulation (LES) of
subsonic flows are almost invariably also used at Mach > 1; when
they are not, turbulent diffusion is purposely made slower, to account
for the results in [20].

In summary, the purpose of this paper is to contribute toward
improving the understanding of turbulent reactive flows, focusing on
turbulence and chemistry taking place in a supersonic airstream
representative of SCRJ applications, with the ultimate goal of
providing more physically realistic closures for FANS and LES.

II. Mach Number Effects on Turbulence

This section includes a theoretical analysis of the effects of
compressibility (Mach number) on turbulence and combustion. Prior
work [14,23-37,43-52] has already indicated that supersonic
internal flows are characterized mainly by streamwise vorticity and
thus by maximum helicity (H = @ - u). As shown by Nishioka et al.
[31] and Swithenbank et al. [8,14,17], streamwise vorticity enhances
supersonic mixing down to the molecular scales and leads to efficient
combustion. Further, due to high helicity, turbulent KE decay is

significantly affected by baroclinic and dilatational effects and is
faster with respect to the classic Kolmogorov scaling for constant-
shows two ranges: the inertial, where energy is transferred from
smaller to higher wave numbers (from larger to smaller vortices)
without dissipation, and the dissipative range, where viscous effects
are important. It has also been found that mixing can be improved by
forcing transversal pressure gradients, e.g., by means of particular
flowpath configurations (such as favoring shocklet formation) and
devices (injectors) [31,36,43—47]. Furthermore, it has been shown
that supersonic combustion takes place at approximately locally
increases due to local nonequilibrium (negative) dilatation, resulting
in faster kinetics and thus higher flame speed and thinner flames.
Note also that typical inlet turbulence intensity is lower than in
subsonic flows and of the order of a few percentage points [51,58].
The reason is that at increasing Mach numbers, the KE of the bulk
flow increases with respect to thermal and so does the pressure
gradient necessary to change momenta and drive fluctuations; at the
same time, an eddy’s turnover velocity can be much larger than in
subsonic flows. The scale of dissipative eddies is also shown to be
larger [31], implying combustion regime(s) possibly different from
those typical of subsonic flows at the same Reynolds and Damkohler
numbers.

All of this supports the conclusion that understanding of the flame
regime in supersonic flows is crucial for the choice of the chemistry/
turbulence coupling (that is, of the closure model for energy and
species equations) and, in the end, for realistic SC simulations. Such
understanding is easier when analyzing the equation for vorticity @
rather than the momentum (Navier—Stokes) equation.

By using as reference quantities at the combustor inlet [that is, u
(x velocity component), L, (eddy macroscale), t, = L,/ a, (Where a
is the speed of sound), py, and p, =1 pyud], the nondimensional
equation for w is

1 0 - = - VoxVp
M—aa—i)-l-(ﬁ-V)a}:c?)-Vu—cb(V-ﬁ)—i—%

Qi

)

1 = 1 1 -
~ WVt -~V x (V-
R aH_Re( 0 px(

1 — — - - - -
(T (T4 9(T-) 29 % (E Vi) ) M)
with its symbolic budget

1
—1
Ma + conv

1 1
=VS —CP + B + —diff + — (—CV 4+ VV + DV) 2)
Re Re

where I, conv, VS, CP, and B are, respectively, the inertial, convec-
tive, vortex stretching, dilatational, and baroclinic terms; diff, CV,
VYV, and DV are the diffusive terms due, respectively, to viscous
gradients, the coupling between density gradients and viscous stres-
ses, the coupling between viscous stresses and velocity gradients,
and the coupling between strain rate and viscous gradients.

Equation (2) shows that in supersonic flows the dilatational term is
of the same order of magnitude of the vortex stretching (i - V)@;
thus, unlike subsonic flows, vorticity transport is not exclusively
driven by vortex stretching, but also by compressibility and
baroclinic effects. Further, since the inertial term is proportional to
1/Ma, when increasing the Mach number, the so-called time-
dependent fluctuations are less and less important and the flow tends
toward steadiness.

The fact that internal flows of interest to SC are characterized by
high Mach number mainly in the streamwise direction suggests the
existence of two velocity scales: that of the supersonic streamwise u
component and that of the transversal components v and w, where
u>a>va~w (flow anisotropy). If k, is the ratio between the
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transversal Mach (Mag,, = v/a) and the streamwise Mach number
(Mag,, = u/a), that is,
_May, v
T Mag,

sup u

then supersonic internal flows are characterized by k; < 1. An
interesting consequence can be gathered from the nondimensional
continuity equation using the same reference quantities as before and
ho 5 MO

In Cartesuin coordinates,

Podp | Po 3p po Bp ap
100t Ly Oax"

9 v d
+@uop—”+@u0p(—"+—w) =0 3)
X 0 y Z

By introducing kg, the continuity equation (3) becomes

1 dp dp ap ap
ey CF N s it
Mayy 01 x" " (8yv+3zw

du w d
+ Ptk (a;)+a—'f):0 @)

Since k; < 1 and Mag,, > 1, Eq. (4) can be rewritten as

sup

dp du 1 dp 8,0 ap v ow\]|
St mpat+k 5l ta v telg )| =0
&)

Thus, the change of u with x is mainly balanced by a density
change, not by local transverse velocity gradients. Neglecting
viscous effects for the time being, the simplified nondimensional
momenta equations are

ap
X

du du du du | —

uar—l—k(a,—l—v +w )—
) — _110p

”ax+k( —|—vay+w )— rx 6)

dw w qw w) _ _ 113p

u3x+k5(3t+v3y+w3z)_ %o

indicating that in ducted supersonic flows, even moderate gradients
of pressure along y and z can generate significant v and w gradients,
i.e., dv/dx and dw/dx, in the streamwise direction. The presence of
these dv/dx and dw/dx produces vorticity in the y and z directions,
favoring mixing and (if temperature is appropriate) quick ignition
and combustion. In fact, experimental results in [8,14,59] show that
flame anchoring is favored by raising the fuel jet/air stagnation
pressure ratio. The airstream per se does not carry significant
turbulent KE, and to produce vorticity, KE must be created in some
way: for instance, injecting fuel with the highest momentum that
equivalence ratio and geometry constraints will allow and the appro-
priate jet-to-stream-density ratio [14,17,59].

Pressure gradients and vorticity may also be produced by com-
bustion itself or by appropriately shaping combustor geometry and
injectors (e.g., using ramp injectors [31]). Strong pressure gradients
are also observed close to shocks, and in fact, they are known
empirically to increase mixing and combustion, sometimes at the
price of total pressure losses.

To support what was said about the influence of helicity, neglect
viscous terms in the nondimensional x-vorticity equation and obtain

Maw v ow ll(apap Bpap)

ox y8x+ S ox

dy 0z dz dy @

Since 1/k, > 1, Eq. (7) shows that pressure and density changes
along y and z influence the vorticity transport along x. The helicity
H = w-u gives a reasonable idea of the rotational acceleration
of the flow. When vorticity and velocity are aligned, helicity is maxi-
mum and the term V X (@ X u), which includes vortex stretching,

reaches a minimum. Thus, where helicity peaks, the vortex stretching
term, responsible in subsonic flows for the turbulent KE cascade,
becomes very small, and mixing is no longer driven or controlled by
vortex stretching. This conclusion may also be derived from the
inviscid nondimensional helicity equation,

du du v ow
H—a)xu—{-afzv ®w+k(ax gv) (8)

showing that in supersonic ducted streams, where k, < 1 (negligible
du/dz,du/dy, v, and w), helicity may be approximated by H = w,u:
vorticity is mainly streamwise and helicity is large. Thus, in super-
sonic flows, vortex stretching is smaller than in subsonic flows, and
where dilatational and baroclinic effects are negligible (e.g., far from
shocks or flames), its contribution to KE transfer in the inertial range
is less effective and characterized by fewer scales. If baroclinic and
dilatation effects were missing, the slope of the turbulent KE-vs-
wave-number curve would be steeper than that (—5/3) of the well-
known Kolmogorov theory in incompressible flows. At the same
time, in a flow dominated by streamwise vorticity, large-scale mixing
may be much more efficient than when vorticity has no preferential
direction. Thus, even though the effect of vortex stretching is less
important than in the incompressible regime, the efficient mixing
observed in some supersonic flow experiments cited must be driven
by baroclinic and dilatational [31] effects. When combustor geom-
etry and boundary conditions allow it, the supersonic flow may be
described as being composed of helicoidal structures, and mixing
may still be efficient and combustion dietance rnay be short
experlmental results of [20], in which streamwise turbulence was
deliberately suppressed by the 2-D geometry, showed that the shear-
layer growth rate reduces substantially with increasing compressi-
bility, reaching about one-fifth of the incompressible value at high
convective Mach numbers. In later papers, Papamoschou [21] and
Papamoschou and Bunyajitradulya [22] showed that for convective
Mach numbers greater than 0.5, the fully 3-D shear-layer growth rate
was 25% higher than in the incompressible case and had improved
mixing. That is also the conclusion in [14,31-40,43-52], in which
streamwise vorticity was found to enhance mixing at the molecular
level, leading to short flames and efficient combustion.

The few recent direct numerical simulations (DNS) in compres-
sible flows tend to confirm these theoretical results. References
[53,54,60,61] noted that in (nonreacting) supersonic flows, the
baroclinic term plays an important role in vortex production near
shocks and that compressibility amplifies vorticity, whereas far from
shocks, vortex stretching again becomes the main mixing driver.
Other DNS of supersonic flows confirm turbulence are mainly
streamwise, with velocity and vorticity generally angled either at O or
180° [61].

As a further check, the functional dependence of the energy
spectrum in supersonic flows has been derived here by means of the
Buckingham—Riabucinski 7 theorem. In supersonic flows, the
turbulent kinetic energy density per unit wave number, £, depends on
the wave number k, the rate of energy dissipation per unit volume &,
and the flow density, now an independent variable.

The dimensions of these variables are

1
= 9
length ©)
length?
& = mass Gt:inrrgle3 (10)
mass
= 11
length? (1D
length?
E = mass eng 5 (12)
ime
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Fig. 1 Energy density vs wave number.

Assuming that E depends on k, p, and ¢, the energy density per unit
wave number is E(k, p, €) and must be expressed as Ck* pfe”, where
Cis aconstant. The exponents &, 8, and y are found to be —8/3,2/3,
and 1/3, respectively.

Thus, with the previous assumptions,

E(k, p, &) = Ck=8/3p'/32/3
whereas in subsonic flows, E(k, &) = Ck=>/3¢%3 (see Fig. 1).

If compressibility affects the energy density, the scaling law for the
transfer of kinetic energy from larger to smaller scales must be
different. In particular, the steeper slope means that energy starts to be
dissipated at lower wave numbers: in supersonic flows, dissipative
eddies are larger than in subsonic flows. This is experimentally
confirmed in [31,41,42,55]. This is an important conclusion, since in
SCRIJ, mixing and burning must be very fast; furthermore, in SC
flames the smallest eddies may actually be larger than the flame
thickness and, if so, they can only wrinkle the flame without thick-
ening it. These findings are further supported in [33] and have led to
more efficient fuel injectors [31].

III. Effect of Compressibility on Reaction Rates

A second aspect of compressibility is the effect of dilatation on
chemical kinetics. At the simplest modeling level (Arrhenius), the
reaction rate w is defined in terms of effective collisional frequency
per unit volume, zy [62]. For instance, in a bimolecular reaction
between reactants X and Y,

1 RT
= VT e BT (13)
NA NA ,LLM

where square brackets indicate molar concentrations.
From the classical expression for the reaction rate,

@ = ATHe [X][Y] (14)
the Arrhenius preexponential A is therefore 63:

2 bls
A= 2r——0? (15)
NA uM

Strictly speaking, Eq. (13), derived from gas kinetic theory, is
valid only in the case of thermodynamic equilibrium (Maxwell—-
Boltzmann distribution). In supersonic flows, where acoustics is
slower than convection, thermodynamic equilibrium becomes ques-
tionable, just as inside a shock wave it is not possible to define an
equilibrium thermodynamic temperature [63]. At the molecular scale
where reactions occur, compressibility implies local mean free paths
that are shorter (collisional frequency that are higher) than predicted
by Eq. (13). Some of the effects of compressibility on chemistry have
been studied [64—67], but this nonequilibrium effect needs further
exploring. In fact, the z, predicted by gas kinetics corresponds to
the zeroth-order solution of the Boltzmann equation using the
Chapman—Enskog expansion, the zeroth order being associated with
the assumption of zero bulk velocity. The first-order Chapman—

Enskog solution accounts for finite flow velocity and includes the
effect of compressibility. A few first-order models have been devel-
oped [66,67] to understand how this effect influences collisional
frequency; however, some yield a correction to the Arrhenius expon-
ential term that does not satisty the second law of thermodynamics.

To rigorously evaluate this effect on reaction rate in high-speed
flows, zy should be calculated from the Boltzmann equation. This
would be a forbidding task. The much cruder but practical alternative
[23] is to analyze the effect of a (small) displacement from local
equilibrium. Expanding the function z, (¢, p,T,M) of Eq. (13)
around the equilibrium instant #, yields

Z 1 Dz 1 D?z
t,p,T,M) == —_— t—t ——
( pT.M) = BRaTHTI ( AT .
3z
X(t—t) +—=——=| (t—1) +... (16)
31DP |,
and to first order,
Z Z Dz
—(t,p,T,M)=— — t—t 02 17
peeTM=y| +3| G-w+0@ ()

By differentiating the collisional frequency with respect to time,

D D(p*\/3)
éﬁ) = 2VaR(nN,0)? 02/;

2
=2 %(NAU)Z(nzﬁDg; ) + n?p? D(l;/j)

D(n?)
2T 18
+PVT— (18)
the following expression is obtained:

D(v) = \/_.(nNAa)z 2«/“(2@+1ﬂ+2@) (19)

2 Dt Dt
Consequently,
2Dp 1 DT 2Dn
—(t,p,T.M =1
( pT.M) = [ +(pDz+2TDt+nDl) ( ")]
+0() (20)

Equation (20) tells that collision frequency changes due to changes
of density, temperature, and number of moles. Dilatation effects are
due to Dp/Dt. The second term, DT/ D¢, is negligible if the time for
the temperature to increase (due to combustion) is longer than the
chemical time: in this case, the temperature rise does not affect
collisional frequency.

Also assuming that the molar volume change is small for hydrogen
combustion with air, DT /Dt and Dn/Dt may be neglected, and

Eq. (20) simplifies to
— @ 1 + %%
\% p Dt

By combining Eq. (21) with the continuity equation

z
‘7(1, p. T, M)

(t— fo)] (21)

=ty

Dp = -
— + V. =
oy TPYV-©)
Eq. (21) becomes
z z = -
GOpT M =20 =2V il —n)] (22

showing that the influence of compressibility on collision fre-
quency is negligible in subsonic flows (V - u = 0) and may become
important in supersonic flows. The consequences on reaction rate
requires some more manipulation. By writing p = p(p, T, R),
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Dp(p.T.R) _9pDp 30 DT | 90 DR

Dt dp Dt ' 9T Dt ' OR Dt 3)

and if, for the time being, we deal here only with the acoustics
contribution (i.e., that due to pressure),

Dp(p.T.R) _9Dp_ 1 Dp

= 24
Dt dp Dt a* Dt 24
where a®> = dp/dp.
By combining Eq. (24) with the continuity equation
du; 1 (dp ap
el A i 25
ax; pa’ (at i Bxi) 25)

and using dynamic pressure as the reference pressure, Eq. (25)

becomes
dut 1 ap* ap*
L= _Mad? * 2
ox* s p*a*z (8[* tu axf) 26)

where the superscript * indicates nondimensional quantities and Ma
is the subgrid-scale (SGS) Mach number associated with the SGS
velocity fluctuation. This SGS fluctuation and its Mach number are
extracted from the SGS model for the turbulent KE and the turbulent
viscosity closure (see [24]). Equation (26) shows that the divergence
of velocity scales with Ma?, so that

A *
2t p. T. M) ~ 2, [1 +2Ma p—p} 27)

*a*2

The sign will be + where V - iz < 0 and will be — where V - iz > 0.
Thus, in compressible flows the collisional frequency depends on the
local Mach number and so does, accordingly, the reaction rate:

Ap*
w(t,p,T,M) =a)0|:1 +2Ma? p*a*z] (28)

The SGS Mach number depends on the turbulence intensity, of
order 1 to 10%. For instance, assuming an airstream M = 2.5 and
turbulence intensity 1 to 10%, the term (1 + 2M?) ranges from about
1.00125 to 1.125, i.e., compressibility enhance the reaction rate by
about 0.125 to 12%. In the simulations reported in Sec. VI, whenever
combustion was intense, the turbulence intensity was of order 10%.

Equation (28) predicts rates growing when V- u < 0, i.e., when
locally the flow compresses; where the flow expands sufficiently
rapidly, the collisional frequency slows down and so does the
reaction rate. In summary, crude as it is, this model predicts that there
is an effect of local (SGS) Mach number on reaction rates that is
negative where flow expands and positive where flow compresses.
Note, however, that wherever the flow expands, the temperature
decreases and kinetics slows down anyway: the effect of the Mach
number on kinetics when dilatation is positive is not as significant as
when flow compresses. Remember also that only one of the three
terms in Eq. (23) was modeled. The others will also be modeled in the
future.

Because of the crude assumptions employed, this new model for @
should still be further tested; yet, it might explain the prompt flame
anchoring shown by old experimental results and still be hard to
simulate. For instance, supersonic combustion tests at NASA Dryden
Research Center in 1961-1962 [19] with nominal airstream
Mach = 3.9, T, =2390 K, and P, = 0.29 atm were carried on with
hydrogen injected in crossflow through a row of eight holes on a flat
plate.

Shadowgraphs and infrared (IR) fast-camera pictures shown in
Fig. 2 indicate thatignition was fast and the flame was well-anchored.
The picture on the right was taken with a IR filter and shows water
[19]. I, as it appears, at M > 1 compressibility does indeed affect
reaction rates, this effect must be taken into account in modeling
chemical kinetics.

Fig. 2 Supersonic combustion flame anchoring on a flat plate.

IV. Effect of Mach Number on Flame Regime

The understanding of regime is preliminary to choosing a model
describing turbulence/combustion coupling and, in particular, to
model the filtered reaction-rate equations closing the filtered species
equations. In fact, with typical LES filter width, chemical reactions
occur within the subgrid scale and must be modeled. In SC, flames
are nonpremixed and two limiting cases exist: slow and fast
chemistry. In the slow-chemistry limit, turbulent mixing may occur
before reacting, and at small scales, this situation approaches a well-
stirred reactor. This case is typical of relatively low flight Mach
numbers (e.g., 6 to 8). At Mach > 8 the opposite is typical: kinetics
are faster than mixing.

In modeling incompressible turbulent premixed flames, five
parameters are of importance and characterize the flame regime:
1t/8;, Ly/8;, Re, Da, and v'/S,, where L, is the integral turbulence
scale, [, is the dissipative scale, §, is the flame thickness, v’ is the eddy
turnover velocity, and S, is the laminar flame speed. These param-
eters define three different regimes: distributed reactions, wrinkled
laminar flames, and corrugated flames.

Defining a reference kinematic viscosity n,; as v, = S;6;, the
turbulent Reynolds, Damkohler, and Karlovitz numbers are

Re = U/LO Da = lconv — SZ/LO Ka= 1 — lchem — lé — 87%2
NS lehem V0 Da, 1, S 7
(29)

The Karlovitz number is an inverse Damkohler number at which
the dissipative time scale replaces the integral time scale. From
Eq. (29), it follows that

v L\™' 1 L Lo\}
— = Re| — =— =K 2/3( =0
S 8(5,) Das, ¢ (8, (30)

Plotting the logarithm of v'/ S, vs the logarithm of L /3§, yields the
Klimov—Williams diagram for premixed combustion (see Fig. 3).
The lines Re = 1, Da = 1, and Ka = 1 are boundaries between the
different regimes of premixed turbulent combustion. A similar
diagram (Borghi’s diagram) is obtained by plotting log(Da) vs
log(Re) (see Fig. 4).

In Fig. 3 the line Re = 1 separates laminar (upper) from turbulent
(lower) regimes. Da >> 1 means that kinetics are very fast compared
with transport, and the assumption of fast chemistry (and that of a
global mechanism) may then be justified.

Depending on the turbulence intensity, the flame is wrinkled or
corrugated. In particular, if Ka < 1 and §; < [, the smallest eddies
are larger than flame thickness and the flame is only corrugated (not
much stretched) by eddies. The line v'/S; = 1 separates wrinkled
from corrugated flamelets. Where v’ < S, the turnover velocity of
the large eddies, v/, is slower than that of the flame front: large eddies
cannot convolute the flame front enough to form multiple reaction
sheets.

Within the regime of corrugated flamelets, the velocity of large
eddies is larger than the burning velocity S;, and these eddies will
move the flame front about, causing substantial convolution. The
smallest eddies, with turnover velocity less than §;, will not wrinkle
the flame front. Vice versa, if Ka > 1 and [, < §; < L, the flame is
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well-stirred reactor
Da<1

distributed reaction zones
Da>1,Ka>1

Ka=1

corrugated flamelets

Ly/§,
Fig. 3 Klimov-Williams diagram in the subsonic regime.

distributed: the smallest eddies enter into the flame, thickening its
structure. Finally, in the well-stirred reactor regime characterized by
Ka > 1 and Da < 1, chemistry is so slow compared with turbulent
transport that the regime is that of a well-stirred reactor.

In supersonic flows, compressibility affects flame speed by (at
least) increasing the reaction rate by a factor 1 + 2Ma?; accordingly,

flame speed is increased by the factor /1 + 2Ma2, and the lines in
Fig. 4 translate upwards. The blue bold lines in this figure are the
boundaries for M = 0.3, the fuchsia bold lines are for Ma = 1, and
the red bold lines are for Mach = 3. This compressibility effect alters
the boundaries reaction regimes with respect to incompressible flow,
as shown in Fig. 4.

At Ma < 1, for Zel’dovich number

AT, T,
Z=""0ln
Ty Ty

and low turbulence, a reaction-sheet regime is predicted by Bray et al.
[68] both for subsonic and supersonic combustion. However, what
was said about reaction rate and spectrum may significantly affect
predictions and conclusions in [68].

For example, at flight Mach ~7-9 (combustor Ma ~ 1-3), inlet
combustor temperatures are greater than 1000 K and hydrogen/air
chemistry is fast; using fast or global kinetics are acceptable,
although not truly realistic. LES simulations in [26] and LES results
reported in Sec. VI predict turbulence intensity ~0.5 to 10%,
depending on injection strategy and combustor geometry. With these

1.E+08

1E406 |

1.E+04
8 1.E+02
1.E+00

1.5

1602} o D

1.E-04

Fig. 4 Reaction regimes boundaries as a function of Mach numbers.

numbers, the turbulent large-scale Reynolds numbers estimated from
the simulations are in the range of

Re, = pUyL,/ 1 = 2000-100, 000
and the turbulent large-scale Da,, defined as

L _ Lo/Us
@/

is in the range of 9-2000. The flame speed S; = / D@,;,~, has been
calculated by imposing the Arrhenius reaction rate defined as

@ ppg=1 K Opraer (14 2Ma3)

and the reaction rate at Ma > 1 is that calculated from LES simul-
ations (see Fig. 5). The flame thickness is then derived as the ratio
between flame speed and chemical time, and these are also calculated
from the reaction rate.

The ranges of values for Reynolds and Damkd&hler numbers and
for the 1, /6;, Lo/8,;, and v'/S; just obtained define where supersonic
combustion can occur and thus define possible flame regimes. These
are shown in Fig. 6, indicating that in SC, either the flamelet in eddies
regime or the reaction-sheet regime are possible, depending on the
local Mach number. Larger Mach numbers raise the likelihood of
flamelet in eddies. If so, the model for the turbulence-chemistry
coupling could be based on an eddy dissipation concept, where the
reaction rate is controlled by both mixing and chemistry [69].

In the experience of the authors, all the above theoretical consid-
erations are hardly capable of removing the skepticism mentioned in

\

—

Y
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5.62e+01  contours of Arrhenius Rate of Reaction-1 (kgmol/m3-s)

Fig. 5 LES-predicted contour of the Arrhenius reaction rate.
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Fig. 7 LaRC SCHOLAR facility: a) nozzle and combustion chamber
and b) details of the H, injector.

Sec. I and that typically asks for proof based on CFD simulations.
Most of the time, approximations made in modeling, numerical con-
sistency and accuracy, and grid size do impact such proofs. Never-
theless, this being the state of affairs, the turbulence and chemistry
closures developed by the authors since 2003 and described in this
paper have been embodied in a set of subroutines under the name of
Ingenito supersonic combustion modeling (ISCM) model [23-30].
LES of a open-literature test case based on an experimental campaign
at the NASA Langley Research Center (LaRC) in the late 1990s
through early 2000s were performed to check the ISCM model
predictive capability. The experimental data used in the LES reported
below were consistent with the flamelets-in-eddies regime. As a
consequence, the eddy dissipation concept was implemented to deal
with the turbulence-chemistry coupling.

V. LaRC Test Case: Geometry
and Experimental Results

The test case and results have been reported before [23-30] and
will be only summarized. A direct-connect combustor was used to
measure temperatures and pressures in SC of H, and air experiments
during the SCHOLAR LaRC program [49] (see Figs. 7 and 8).
Combustion-heated vitiated air is introduced at Mach 2, 1184 K, and
100,405 Pa.

Simulations with the ISCM model were restricted to 800 mm of
the whole length (1234 mm) of the SCHOLAR combustor: the inlet
plane X = 0 in the simulations corresponds to the plane X = 77 mm
of the experiments. In Fig. 8, a 3-D view of the experimental average
temperature field is shown. Experimental results indicate the flame
anchors between cross sections 5 and 6. As the latter section is 77 cm
from the combustor inlet plane and about 60 cm from the H, injector,
mixing times can be reasonably well estimated to be ~5 x 107* s,
in good agreement with the arguments and scaling discussed in
Sec. I. Maximum (averaged) temperatures are ~2200 to 2300 K.
Unfortunately, no velocity or concentrations were measured at the
exit, preventing assessment of 1. However, reproducing the experi-
mental flame attachment (without any flameholder) is a good test of
the physics embodied by the ISCM model.

A. Numerical Scheme

The double-precision 3-D LES were performed with FLUENT
6.3. The numerical scheme is a coupled explicit third-order-in-space
MUSCL and is second-order implicit in time.

Fig. 8 Three-dimensional view of the measured (averaged) temper-
atures.

B. Computational Domain

The domain in Fig. 9 was discretized with a nonuniform 700
streamwise by 46 cross stream by 60 spanwise grid, finer near the
step and fuel injector. The number of hexahedral cells was 1,563,994,
for a total of 1,626,578 nodes. Wall Y+ of orders 4-8 were obtained
near the step and H, injector orifice (see Fig. 9), where the NASA
experiment predicts shock formation.

C. Inlet Boundary Conditions

Calculations begin at the X =0 station of the SCHOLAR
combustor, where vitiated air from the heater enters the duct at
Ma =2.0(1395.7 m/s), 1204 K, and 101,325 Pa. Mole fractions of
vitiated air species are in Table 1. The H, is injected at Mach 2.5,
1343 K, and 202,650 Pa. The nominal equivalence ratio is close
to 1.

The combustor walls were nonadiabatic: the wall heat flux im-
posed (from the experiment) varies linearly from 0.7 to 1.8 MW /m?
along the X direction. The total heat lost through the walls corres-
ponds to about 10% of the combustion heat release. No-slip condi-
tions were specified along the channel walls.

D. Turbulence and Chemistry Models

The turbulent viscosity closure of the ISCM model has been
already reported [23]. A novel SGS model for the turbulent Schmidt
number has been included [29] but is not reported here. Based on the
conclusions in Sec. IV, air/H, kinetics have been modeled by the
global scheme [70]:

Table 1 Vitiated air mole fractions at the inlet

Species Value
H, OH
1.3x 1073 0.00071
0, 0.21
H,0 0.217
N, 0.5722
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H, +10, =H,0
kgtopar = 1.8 x 103 exp(—17614/T)[H,]'°[0,]>

For the time being, this scheme does not include the effects of the
small quantities of radicals present in the vitiated air. However, the
assumption of a one-step mechanism instead of a more detailed
mechanism can be justified based on the flame regime discussion in
Sec. IV. In fact, CHEMKIN version 3.7 0-D simulations of H, /air
combustion with a detailed mechanism (9 species and 20 reactions)
predicted ignition delay times of ~0.05 ms, which is 10 times shorter
than the mixing time extracted from the experiments.

VI. Numerical Simulation Results

Numerical simulations with the ISCM model have already shown
results in good agreement with the SCHOLAR data (see [30]). Two
counter-rotating vortices are seen moving streamwise and straining
the H, jet, confirming what was said about vorticity in Sec. III. The
flame anchors at 5 cm from the injector and reaches the combustor
exit, as in the experiments. The instantaneous temperature peaks
(with the novel model for variable Sc, of [30]) is ~2350 K, Temper-
ature fluctuations are typically ~5%. Complex shock-boundary layer
interaction and shock reflection extend upstream of the backward-
facing step (see [23—-30] for details). Temperature predictions were
compared with experimental results and also with those by Keistler
[71], who simulated the same test case with detailed chemistry (see
Fig. 10).

Figure 10 shows temperature at y = 18.2 mm (near the bottom
wall) at station 6 in Fig. 8. The black points are experimental, the
black line is from [72], and the pink points are obtained with the
ISCM model. Note that in [72] the number of grid points is about a
factor 5 larger than in the present simulation. Figure 11 shows the
pressure distribution along the centerline of the bottom wall: the pink
line is for the ISCM model; the red and blue lines are, respectively, for
the Connaire [73] and Jachimowski [74] kinetic schemes by Keistler
[71]; and the broken line is for experiments. Figure 11 shows that the
ISCM model (pink) predictions lie within the experimental scatter.

Experimental pressure peaks are 110,000 Pa at X = 0.08, 0.2,
0.45, and 0.6. Minimum pressure is ~100, 000 Pa at the exit of the
(divergent) combustor. With the ISCM model, the trend and magni-
tude of pressure are the same, but the second peak is overpredicted.
The last peak is 95,000 Pa at X = 0.65, whereas experiments show
110,000 Pa at X = 0.6. Simulations from [71] using Jachimowski’s
[74] H,/air scheme and the Connaire et al. [73] scheme predict
65,000 Pa at the exit with both: that is, much less than in the experi-
ment and less than predicted in this work (80,000 Pa). The reason for
the pressure discrepancies is still being investigated but seems related
to the slower-than-measured flame spreading.

Leaving aside the numerical differences, this comparison confirms
that detailed chemical kinetics are not crucial to predict temperature
in the flame region in this particular test case, because combustion is
mixing-controlled here. These results also confirm that fast mixing
and stable flame anchoring are indeed feasible.
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Fig. 10 Temperature slice of station 6 aty = 18.2 mm.
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VII. Conclusions

The effects of Mach number and compressibility on turbulence
and combustion have been theoretically analyzed. This study shows
that supersonic internal flows that are representative of SCRJ com-
bustors experience mainly streamwise vorticity and, consequently,
maximum helicity: both tend to increase mixing, due to baroclinic
and dilatational effects on turbulent KE decay. In particular, the KE
slope in the inertial range is steeper and energy starts to be dissipated
at lower wave numbers than in incompressible flows. One consequ-
ence is that dissipative eddies are larger in supersonic flows. A
second consequence is in the combustion regime: in fact, in SC
flames, the smallest eddies may be larger than the flame thickness and
can only wrinkle the flame without entering it. This impacts the
choice of model for the interaction between chemistry and

I 4.00e+2

3.00e+2

Fig. 9 Instantaneous contour of wall Y* at the combustor inlet upper wall.
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turbulence, resulting in flame regimes that may differ from those in
subsonic combustion, depending not only on Reynolds but also on
the Mach number.

This physical modeling has been implemented in an LES CFD
code and tested using experimental data. The LES reported in this
paper indicates that SC occurs in the flamelets-in-eddies regime and
reasonably well predicts flame anchoring, temperatures, and the
pressure distribution, lending further support to the theoretical
analysis performed.

As a more general conclusion, these results indicate that the
physics of SC is complex and must be accommodated in CFD codes,
starting as much as possible from fundamentals. Adapting or
empirically modifying existing incompressible models is but a
partial way of dealing with practical applications of SC and does not
clarify its fundamental aspects.
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